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A CONTINUOUS FAMILY OF EQUILIBRIA IN 
FERROMAGNETIC MEDIA ARE GROUND STATES 
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Abstract. We show that a foliation of equilibria (a continuous family of 
equilibria whose graph covers all the configuration space) in ferromag¬ 
netic models are ground states. 

The result we prove is very general, and it applies to models with 
long range interactions and many body. As an application, we consider 
several models of networks of interacting particles including models of 
Frenkel-Kontorova type on and one-dimensional quasi-periodic me¬ 
dia. 

The result above is an analogue of several results in the calculus vari¬ 
ations (helds of extremals) and in PDF’s. Since the models we consider 
are discrete and long range, new proofs need to be given. We also note 
that the main hypothesis of our result (the existence of foliations of equi¬ 
libria) is the conclusion (using KAM theory) of several recent papers. 

Hence, we obtain that the KAM solutions recently established are mini- 
mizers when the interaction is ferromagnetic (and transitive). 

Keywords: Ground states, quasi-periodic solutions, Hilbert integrals. 
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1. Introduction 


Many physical problems lead to variational problems for functions de¬ 
scribed in discrete sets. 

A model to keep in mind as motivation is the Frenkel-Kontorova model 
IIFK39II which considers configurations u = {m,};€Z and tries to find those 
that minimize the energy given by the formal sum 



( 1 ) 


There are several physical interpretations of the FK model iBK041[S^el92ll . 
the original one is the interaction of planar dislocations in a 3-D crystal, but 
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it has appeared as a model of other situations. We ean think of w, as deserib- 
ing the position of the atom deposited over a 1 - D medium. The first 
part of the sum deseribes the interaetion between the nearest partieles. The 
funetion V models the interaetion of the atoms with the medium, whieh is 
assumed to be periodie or quasi-periodie in models of erystals and quasi- 
erystals (in this paper, periodieity or quasiperiodieity is not assumed). Note 
that, with many of these interpretations, it is natural to eonsider also more 
general models whieh involve longer range interaetions, multi site interae- 
tions, or higher dimensional erystals. Henee, in this paper we will inelude 
these generalizations. 

In the ease that V is a periodie funetion, the problem of showing ex- 
istenee of plane-like minimizers (i.e. minimizers that differ from a linear 
funetion by a bounded funetion) of ([U) with a well defined frequeney inde¬ 
pendently by Mather [|Mat82ll and Aubry iALD83H . whieh is now referred 
as Aubry-Mather theory. Several authors ( see iBla89l IBla90[ IKdlLR97l 
ICdlL98i IdlLVOVbi |dlLV07ai IdlLVlOB and referenees therein) generalized 
the setting of Aubry-Mather theory to higher dimensional erystals, more 
general media and for many-body interaetions. Related models appear in 
PDE’s [|Mos89[|RSll|| , minimal surfaees BCdlLO 1 1 [Val04l HbKHl . fraetional 
laplaeian operators ndlLV09[rDavl3ll . 

In the ease that V in ([T]) is a quasi-periodie funetion, the problem to es¬ 
tablish all the results of Aubry-Mather theory for periodie systems is still 
open. Notably, the existenee of plane-like minimizers is still not settled. In 
IILS03II there are examples of quasi-periodie potentials for whieh no plane¬ 
like minimizer exists. On the other hand, when the potential V is small 
enough, the papers IISdlL12bl ISdlL12al ISZdlLlSl IZSdlLlSI use a rather 
unusual KAM theory to eonstruet families of equilibria whieh are plane¬ 
like. The results of this paper show that the families eonstrueted by KAM 
method are minimizers when the problem is ferromagnetie. Henee a very 
interesting problem is to study the transition - now known to exist - from 
models with plane-like minimizers to models without them. The papers 
IISdlL12bi ISdlL12al lead to efheient numerieal algorithms whieh were im¬ 
plemented in llBdlL13l and lead to several eonjeetures about the transition 
between plane-like and non plane-like minimizers. Notably iBdlL13ll dis- 
eovered numerieally sealing relations similar to those in phase transitions in 
the breakdown of analytieity of plane-like solutions in quasi-periodie me¬ 
dia. The papers HSZdlLlSl IZSdlLlSIl also present efheient algorithms for 
the eomputation of other solutions, but they have not been implemented 
yet. 

The goal of this paper is to show that for ferromagnetie models when 
there are eontinuous families of equilibria whose graphs eover the whole 
phase spaee they are aetually ground states (also ealled elass-A minimizers). 
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In particular, the solutions produced by KAM theory in IISdlL12bllSdlL12^ 
|SZdlL15ilZSdlL15]| are ground states. 

Results establishing that families of equilibria are minimizers are very 
common place in the standard calculus of variations. They are proved by 
either the methods of fields of extremals or Hilbert integral [|Car99ll . In 
our case, since we are considering discrete space and long range models, 
these methods do not seem to apply directly and we have to use a different 
method. 

We note that, as it is customary, the non-degeneracy equations of KAM 
theory are weaker than those in the variational theory. Roughly speaking, 
the KAM theory just requires that certain operators are invertible. The vari¬ 
ational theory requires that these quantities are positve definite. On the other 
hand, the KAM theory is more sensitive to quantitative features. For exam¬ 
ple, in ([U) and periodic V, the KAM only applies for V which are small in a 
smooth norm, whereas the variational methods apply for any differentiable 

y. 

In Section [2Tl we present the results in a very general set up, patterned 
after the general set up of statistical mechanics [|Rue69ll allowing multi¬ 
body and long range interactions. In Section [3] we present again the results 
for some concrete models, which have appeard in the literature. Even if 
this could have been avoided logically since the models in Section [3] are 
particular cases of those in Section 12.11 we hope that this will add to the 
readability of the paper and as motivation for those interested in the concrete 
models and in numerical implementations. Also, the methods of proof used 
in Section [3] are different from the methods used in the proof of the general 
theorem and closer to the arguments in the classical calculus of variations. 

2. Formulation of the main result 

2.1. A very general set-up. We consider a very general setup motivated 
by the formulation in IIRue69ll of statistical mechanics. Later, in Section [3l 
we will present more details for less general set ups, which may be more 
familiar. 

2.1.1. General assumptions on the systems and its configurations. We con¬ 
sider a discrete countable set A. Its elements will be called sites. The set 
A may be imagined as a network of particles. Many cases in statistical me¬ 
chanics consider that A is an integer lattice, corresponding physically to a 
crystal. 

We assume that the state of each site is given by a real number. Hence, 
the state of the system is given by a function w : A —> R which assigns 
to each site i e A the value Ui. For our purposes, it is crucial that the or¬ 
der parameter at each site is a one-dimensional number. We do not know 
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how to deal with two-dimensional phase spaees. Indeed in iBla901 presents 
eounterexamples to several erueial statement in our setting when the order 
parameter are 2-dimensional. The papers [|Mat91l IMan97ll eontains rather 
satisfaetory analogues of several other results of Aubry-Mather theory for 
higher dimensional order parameters but they do not eonsider higher dimen¬ 
sional independent variables. 

We associate to the finite subsets B of A an energy function > R, 

which models the (possibly many-body and long range) interaction. In 
Physical terms, the interaction may be even among the different sites or 
among the sites and a substratum. The total energy associated to a configu¬ 
ration u is given by the formal sum: 


(2) = Yj Hb(u) V m g R^ 

BcA 

#B<oo 

where Hb(u) depends only on u\b. 

Remark 1. In this paper, we will not assume any periodicity properties 
of the set A and of the interaction, since this will not play any role in our 
arguments. On the other hand, we note that the main hypothesis of this 
paper (the existence of a foliation of equilibria) is the conclusion of several 
other papers which use periodicity. In [|CdlL98[ IdlLVIOH . there is a very 
general setup for quasi-periodicity involving the action of a group G on A 
and on the interaction. G is assumed to satisfy some mild growth properties. 

In Section |3] we will present the results for some finite range models 
which are concrete examples of the set up and for which our main hypothe¬ 
ses are verified. 

2.1.2. Critical points and ground states. The following definitions are very 
standard in the calculus of variations. 


Definition 2. We say that a configuration u is an equilibrium for an energy 
Q when 


(3) 


o 

y{u) = Ydu.HB{u) = 0 


dui 


Bai 


V / G A. 


For simplicity, we denote -^S^iu) by Efu) and E{u) = {£’,(M)},gA. 

We note that, even if the sum defining y is formal, the equilibrium equa¬ 
tions ([3]) are meant to be well defined equations. This can happen for exam¬ 
ple if EIb = 0 whenever diam(B) > L. (These are called finite range interac¬ 
tions and Frenkel-Kontorova models are an example.) In Section [2. 1.7 [ we 
will formulate a condition, more general than finite range which is enough 
for our purposes. 
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We are interested in the existenee of the following speeial elass of equi¬ 
libria. 

Definition 3 (Ground states). We say that a configuration u is a ground 
state ( or a class-A minimizer in the terminology of Morse [|Mor24ll ) if for 
any configuration (p whose support is a finite subset of K we have 

(4) y{u) - ^{u + cp)<0. 

Note that (U) should be understood eaneelling all the terms that are iden- 
tieal. That is 

(5) ^ Hb{u) - Hb(u + (p)<0. 

#S<oo 

Bnsupp(^)^0 

We note that the eonditions ([5]) make sense when the interaetions are fi¬ 
nite range sinee the sum in ([5]) involves only finitely many terms. In See- 
tion I2.1.7[ we will make assumptions more general than finite range that 
ensure that the sum in (|5]) make sense. It is elear that the main idea is that 
we will assume the terms in the sum © as well as their derivatives deeay 
fast enough for all w in a elass of funetions. We will postpone the preeise 
formulation till we have speeified whieh elasses of funetions we will eon- 
sider. 

Sinee expressions similar to ® will appear often in our ealeulations, we 
will introduee the notation 

(6) r(^; u,B)= ^ Hb(u) - Hb{u + p). 

#B<co 

BnBtd) 

We remark that if supp(^) c B, we have 

Y{(p\ u, B) = T{(p\ u, supp(^)). 

The reason is that, the sums defining the two T differ only in sets B whieh 
do not interseet the support of p. Henee, the eorresponding term in the sum 
is zero. 

It is easy to eheek that a ground state is an equilibrium. 

2.1.3. Foliations by equilibria. We say that a eolleetion of eonfigurations 
{w^lySeR is a foliation when: 

(Al) Effi) = 0, i.e. Efu^) = 0 for anyjS e R, z G A; 

(A2) zz^ is inereasing with respeet to i.e. if < ^ 2 , < uPf for any 

z 6 A; 

(A3) zzf ^ +00 as p goes to +oo for any z g A; 

(A4) |z/ I G r) = R. 
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The most crucial assumption for us is (A4). This means that, as we move 
the parameters (5, the graphs of the functions sweep out all the space 
A X R. 

We say a foliation is strict if 
(A2)’ 13^ < 132 ^ for all i 6 A. 

Having a family of critical points satisfying (A1)-(A4) is extremely anal¬ 
ogous to the assumption on the fields of extremals in the calculus of varia¬ 
tions ltCar99fl 

The usual Aubry-Mather theory for a fixed frequency oj produces a fam¬ 
ily satisfying (A1)-(A3) - but in general not (A4). On the other hand, for 
Diophantine co and (and some models) we can use KAM theory to produce 
families satisfying (A1)-(A4). The calculus of variations methods do not 
assume that the system is close to integrable, but they require positive def¬ 
inite assumptions on the interaction. On the other hand, KAM methods do 
not require that the system is convex (positive definite Jacobian) but they 
require that the system admits an approximate solution to the invariance 
equation (in particular, this is satisfied for systems close to integrable). 

In the applications to Aubry-Mather theory which we will discuss later 
in Section [3l the set A will be and the functions uP will be roughly linear. 

We point out, however that in the case of no interactions, in dimensions 
bigger or equal than 2 one could have also harmonic polynomials, which 
are minimizers. It is marginally pointed out in [|Mos86[rMos89ll that devel¬ 
oping a variational theory starting from the harmonic polynomials of higher 
degree would be very interesting. 

Note that the subsequent properties we will assume depend on the class 
of functions u^. 

2.1.4. Ferromagnetic properties. 

Definition 4 (Ferromagnetic condition). We say that the interaction po¬ 

tential H satisfies the ferromagnetic condition if 

(7) ^ 'ip,q e A,p q, 

OUpOUq 

where u is any configuration on A and B is any finite subset of A. 

Definition 5 (Ferromagnetic Transitive). We say that a ferromagnetic in¬ 
teraction in A is transitive for a class of configurations u^ when, given any 
p,q e A there exist an integer k > I, a sequence po,... ,Pk in A with 

^Note that the fields of extremals in IICar99l are formulated for functions of a one di¬ 
mensional variable taking values into any dimensional space. Here we are in the opposite 
situation; we are considering functions of many variables, but taking values in a one di¬ 
mensional space. 
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Po = P, Pk = <1 and sets Bi containing a pair pi, for i = 0,... ,k- I such 

that, for any ip with compact support, 

dp.dp,^^HBfu!^ + if) <0. 

In the main cases of interest, such as the Frenkel-Kontorova models, we 
will see that the ^p.^p.^^HB^ are independent of the configuration, so that 
this assumption will be very easy to verify in several models of practical 
importance. 

The assumption in Definition[5]appeared in HdlLVOVaH where it was shown 
that it implies that the gradient flow of the formal energy ,5^ in Q satisfies 
a strong comparison principle. In the PDE case, a comparison principle for 
the gradient flow would give a very quick proof of our results, but the long 
range of the interactions requires an extra argument. See Remark |9l 

Remark 6. The ferromagnetism assumptions, when A = Z, and the inter¬ 
actions are nearest neighbor, become the twist conditions in Aubry-Mather 
theory. We also note that they can be thought of as analogues of ellipticity 
conditions for continuous variational problems. See BCdlL98[ldlLV07bl for 
some more explanations of these analogies. 

2.1.5. Graph theoretic language to describe the Ferromagnetic assump¬ 
tions. We can reformulate some of the assumptions of Section [2. 1.41 in the 
language of graph theory. The introduction of a new language is purely 
cosmetic, but allows us to express future arguments concisely and it may be 
illuminating. 

The key observation is that we can interpret Definition [5] as the existence 
of a graph structure on A. 

Whenever there exists B such that for all uP 

( 8 ) dpdpHBiu^ + ^) < 0 

then the sites p, q are linked. 

The physical meaning of ([8]) is that the configuration at p affects the 
forces experienced at the site q (and viceversa, in agreement with the action- 
reaction principle). The Definition [5] can be interpreted as saying that any 
site can influence any other site, if not directly, through influencing inter¬ 
mediate sites that in turn influence some others. 

It is natural to endow A with a graph structure by considering the points 
of A as vertices and drawing an edge among two linked sites in the sense of 

m- 

The assumption in Definition [5] can be interpreted as saying that, starting 
from any site, we can reach any other jumping only through linked sites or 
that the graph is connected. 
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The graph structure allows us to introduce two notions that are standard 
in graph theory: distance and connectedness. 

Given a path y in the graph, we define the lyl the length of a path y as the 
number of edges it contains. 

We define the distance between two sites i, j G A as 

(9) dii, j) = inf { I 7 I | y joins i, j}. 

This d satisfies the usual assumptions of distance. 

We also define the distance of a point i to a set 5 c A as 

(10) d{i,S) = md{.i,j)\jeS}. 

(Since the d{i, j) takes values in integers, it is clear that the infimum in (fTOl) 
is a minimum.) 

We can also define that a set S is connected when any pair of points can 
be joined by paths all whose edges have end points in the set S. 

It will be important for us later that, given a finite set B, we can obtain 
another finite set Con(5) which is connected and which contains B. 

If Definitions |5]holds, given any pair i, j e Awe can find a path joining 
i to j. We denote this path as yij. Given a path yij we denote v(yij) the 
vertices of the path. Hence, given a set B, we define 

(11) Con(5) = U,jeBv(r;j). 

Clearly, B c Con(5) and Con(5) is connected because we note that given 
any pair of points a G yij, b G y-j we can find a path joining them by starting 
in a, following y^j till j, then yp and then 77 j till we arrive to b. 

The following elementary remark will play an important role for us later, 
so we formulate it now. It is mainly an exercise in the notation. 

Proposition 7. Assume that the interaction satisfies Definition |5] 

Given any finite set S, the set 

5i = {z I d(i,S) < 1} = {z I J G S,d(iJ) < 1} 
contains at least a point which is not in S. 

The totally trivial proof of Proposition |7] is the observation that, if there 
was no path that stepped out of 5, it would be impossible for any point in S 
to be joined to other points far away. □ 

2.1.6. Coerciveness Assumption. Given a family u^ as before, we will as¬ 
sume that for any compactly supported cp and any z G supp(^) we have 

(12) Im ^ ^Hb{u^+ (p + 6it)-HB{iJ^+ (p)\ =+ 00 , 

5nSUpp(^)?5:0 

where d, denotes the Kronecker function which takes the value 1 at z and 0 
at any other point. 
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Note that (O says that if we make a test funetion grow at just one point, 
then the relative energy grows. 

2.1.7. A regularity assumption. We will be performing some ealeulations 
with the equilibrium equations. In order to justify them, we will need some 
assumptions on the eonvergenee of the Ej and their derivatives. 

The following assumption is suffieient for the methods used in this paper. 
We note that the finite range of the interaetion easily implies our assump¬ 
tion. Many models of interest (e.g. the Frenkel-Kontorova models) are 
finite range, but there are aslo models of physieal interest whieh are not. 
See [|SdlL12bll for a diseussion of when hyerarehieal models satisfy the as¬ 
sumptions. 

Given a elass satisfying (A1)-(A4) we say that the interaetion {Hb} is 
uP summable when: for (p satisfying either 

a) ip with eompaet support 

b) ^ - u^) for any eM., 

we have for all jS e R, 

lim V \du,HB{u^ + tip)\ = 0 

L—*oo i J 

diam(5)>L 

Bnsupp(.p)#0 

lim V \du,dujHB(.i/ + t(p)\ = 0 

L—yoo i i 

diam(5)>L 

5nsupp(^)^0 

and the limit in (fT3l) is uniform in t 6 [ 0 , 1 ] 

We note that in the ease u^ - u^ 6 (as it happens in KAM theory) 
and in all families of plane-like equilibria of fixed slope b) is implied by a). 
We also note that if we assume (A2)’ instead of (A2), the ease b) ean be 
dispensed with. 

The following result is a very simple eorollary of the eoereivity and reg¬ 
ularity assumption. 

Proposition 8. Let u^ be a family of configurations and {Hb} bca be a family 

#B<oo 

of interactions that satisfy the coerciveness and the regularity assumptions 
with respect to them. 

Fix any function u^ in the family and a finite set B. 

Then, there is a function ip* such that 
• supp(ip*) c B 

u^, B) = inf{ r(^; i/, B) | suppiip) c B } 
where we use the notation introduced in ®. 


( 14 ) 


Efif + ip*) = 0 'iieB. 
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The proof of Proposition [8] is very easy. We note that we are eonsidering 
a funetion of finitely many real variables (the values of ip* at the sites of B). 
By the assumption of regularity this funetion is differentiable and tends to 
infinity as any of its arguments goes to infinity. Henee, this funetion reaehes 
its minimum and the minimum has zero derivative. 

Of eourse, the support of the minimizing funetion eould be smaller than 
B is some of the values of the miniming funetion happens to be zero. 

Remark 9. Note that in Proposition [8] we do not obtain that m + ^* is an 
equilibrium. In (fT4l) . we only obtain that the equilibrium equations hold in 
the finite set B. 

Even if uP satisfies the equilibrium equations in A, when the interaetion 
is long range, modifying the eonfiguration in B ean affeet the equilibrium 
equations everywhere. 

This is an important differenee with the PDE models in the elassieal eal- 
eulus of variations and this a the reason why our arguments need to be 
different. 

2.1.8. Statement of the main general result. 

Theorem 10. Let H be a ferromagnetic interaction potential. Assume 
that there exists a collection of configurations {u^}/ 3 eR such that (A1)-(A4) 
hold. Moreover, assume that, with respect to u^ the interaction satisfies the 
ferromagnetic transitivity, coercivity and regularity assumptions above. 
Then, all the equilibria u^ are ground states. 

Suppose by eontradietion that there exist a number fo and a eonfiguration 
ip whose support is nonempty and finite sueh that 

(15) ,y'(i/'> + ip)- y{u^°) < 0. 

That is, using the notation ® 

(16) r(^; supp((,i))) < 0. 

Denote by B = Con(supp(^)) the eonneeted subset eonstrueted in (fTTl) . 
supp(^) c B. 

Using Proposition [8] there is a eonfiguration ip* with support in B sueh 
that 

(17) Y{ip*;ul^fB) = min r(^i;M^°,B). 

suppled i)cB 

We note that, sinee we ean take ^ as a test funetion ipi we have 

(18) r(<^*; B) = Yiip; B) = Y(ip-, supp(^))) < 0. 

Henee, if the funetion u^° was not a ground state, we eould find a non¬ 
trivial ip*. We will show that this is impossible and, therefore that u^° is a 
ground state. 
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We denote 

/?+ = eR\u^ > + ip*}, 

p- = sup{^ 6 R I / < /« + ip*], 

where the partial ordering m < v is defined by m, < v, for any i 6 A. Anal¬ 
ogous definitions hold for “>” and Consequently, we have that 
assumption (A2) ean be formulated just as uP* > > uP-. 

By the ehoiee of ip* and we have 

+ ip*) = 0, ieB 
(20) „ 

= 0 . 

Moreover, we have -i- ^* < . 

The following is an elementary ealeulation using the fundamental theo¬ 
rem of ealeulus whieh holds for any eonfiguration u* and any rj so that the 
regularity assumptions hold. 


Ei>{u* + rf) - Ei->{u*) 


( 21 ) 


='"■1 

je\ ^ U 


O^Hb 


dui^du 


(U* + tT])7], 


JeA 

O^Hb 


+ 


dui*dup 
d^Hn 


dui*duj 


(u* + tri) 


(u* + tjf). 


The identity (| 2 TI) leads immediately to the following proposition. 

Proposition 11. Assume that, in the conditions of (|2T]) we have 

Eifu) = Eifu* + 77 ) 
rj>0(orri<0). 

Then, we have that rjj = 0 for all j such that d(i*,j) = 1 where d is the 
graph distance introduced in (|9l). 


The proof of PropositionfTTlis just observing that sinee 77 ,. = 0, and all the 
other terms in (| 2 TI) have the same sign, we should have that all of the terms 
in the sum in (| 2 TI) should be zero. Henee, either pj = 0 or ^ 
but for the points j at distanee 1 , this integral is not zero. □ 

Applying repeatedly Proposition [TT] we have the following result for 
funetions whieh satisfy the equilibrium equation on a set. 


Proposition 12. Assume that, in the conditions of (|2T]) we have 
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0 = Ei^iu) = Ei.(u +77) V r e 5 

T] >Q {or T] <Q). 


• The set S is connected in the sense introduced in Section 12.7.51 

Then, we have that ijj = Ofor all j such that d{i*,S) < 1 where d is the 
graph distance introduced in (|9l). 

The proof of Proposition [T^ is to proceed by induction starting on the 
point i*. Applying Proposition [TT] we obtain that for all the points j such 
that d{i*, j) = 1, we should have pj = 0. Now, for such points j that belong 
to S , the argument can restart. Therefore, proceeding by induction, we can 
always prolong the paths that land in S. Because S is connected, we can 
cover all the set S and obtain that pj = 0 for all the j in S. Note also that in 
the last step, we can get also that p vanishes in the set of points that are at 
distance 1 from S. It will be important for future purposes that, as observed 
in Proposition [8l we have that the set where we can obtain that 17 = 0 is 
strictly larger than the set S. 

□ 

Remark 13. With the analogies in Remark we note Proposition [T^ is 
reminiscent to the proof of the comparison principle for elliptic equations. 
Of course, the proof in the discrete case is different. The subtlety that we 
obtain the comparison in a larger set than the set where the equation holds 
does not have any analogue in the elliptic equations case. 

Now, we come back to the proof of Theorem [TOl 

Since we have that + (p* and that the /3+ is the smallest possible, 

we have alternatives: 

A) There is a point where ip* is strictly positive; 

B) (p* < 0 for all ieS; 

C) (p* = 0. 

Theorem [To] will be established when we show that all these alternatives 
are impossible. Hence, we conclude that (p* in (fT4l) could not exist and, 
hence no ip satisfying ( 1 ^ could exist. 

The case C) can be excluded becasuse we argued in (fTSl) that ip* should 
be non trivial. 

In case A), there exists i* € S such that 

wf; = 4“ + 

In this case, recalling that satisfies the equilibrium equations in the 
whole A and that + ip* satisfies them in 5, we can apply Proposition O 
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with T] = (f* and obtain that 

}/f = iP° + ip*, d{j,S)<l. 

The important point of the above observation is that there is sueh a point 
j outside of S . That is, a point j outside of the support of (p*. Hence, there 
is point j* such that 

( 22 ) = ^r 

When we apply Proposition[T2with rj = we obtain that uP+ = u^-. 

This is a contradiction with tp* being strictly positive. 

Note that if we assume (A2)’ from (l22l) we could obtain the conclusion 
without applying Proposition [FI 

Excluding Case B) is very similar to excluding case A), but actually eas¬ 
ier. Since there is point j where cp* is strictly negative, we can have that 
there is a j* where u^- touches from below the + cp*. Applying again 
Proposition [T^ we derive that u^- = which is a contradiction with the 
assumption that ip* was strictly negative. 

3. Some concrete examples of the models considered 

In this section, we will show how very different models fit simultaneously 
in the framework developed. The fact that we can obtain results for different 
models at the same times is due to the generality of the methods we present 
here. In some cases, we will also present different proofs. 

3.1. General one-dimensional periodic models. The papers fldlLOSl con¬ 
siders one dimensional models given by energies of the form: 

(23) (m) = ^ ^ H^kiuk, Uk+i ,..., Uk+i) 

k L 

where m : Z ^ R and Hij, 

Note that the models in (E31) enjoy a translation invariance, which is not 
present in our general set up, but which is physically justified. 

The corresponding equilibrium equation for the models (1231) are: 

(24) Siili) — ^ ^ ^ ^ ^ ^ d ki.Ui—j ^ • • • t ^L—k+i—j)' 

k L j 

The paper HdlLOSI includes coercivity and regularity similar to ours, it 
includes an extra periodicity property 

Hi(Uk, Uk+\, . . ■ Uk+t) = Hi{Uk + 1, Hir+l + 1, . . . Uk+L + 1) 

as well as higher regularity assumption. On the other hand, the paper 
HdlLOSI does not use the full strength of the ferromagnetic property and 
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indeed they allows some antiferromagentic terms. Note that, since the sys¬ 
tems in idlLOSI are translation invariant, the ferromagnetic transitive is im¬ 
plied by the ferromagnetic property of nearest neighbors (there are other 
assumptions such as the strict ferromagnetic for other sets of interactions). 

The papers HdlLOSII consider only equilibriun configurations given by a 
hull function 


Uk = cok + h{a>k) 


where h is a periodic function called the “hull funcion”. The function is 
such that t + u{t) is an increasing function. 

It is easy to see that - it is shown with many details in HdlLOSH that if h is 
the hull function for a critical point so is given by 


If {6) =l5 + h{e+l5). 


We observe that, when his a smooth function and \h\Loo < 1, the configura¬ 
tions obtained for all these hull functions produce a foliation in our sense. 
Hence, applying Theorem [TUI we obtain the following result: 

Theorem 14. Assume the setup of HdlLOSH assume furthermore, that, for 
some hulll function, the system satisfies the ferromagnetic property 


didiHr < 0 


and that 


dxd 2 Hfx,y) <-r]<0 


Then, the quasi-periodic solutions produced in HdlLOSH are ground states. 

3.2. Application to the Frenkel-Kontorova models on quasi-periodic 
media. These class of models was considered in [|SdlL12bi with nearest 
neighbor interactions. In HSdlLI2all for more general interactions, many 
body interactions. The papers IISdlL12b[ ISdlL12all consider quasiperiodic 
solutions which are non-resonant (inded Diophantine) with the frequency 
of the medium. The papers HSZdlLlSI IZSdlLlSI study quasi-periodic so¬ 
lutions which are resonant with the frequency of the medium in models in 
which the interactions are only nearest neighbor. Using the results of this 
paper, we can conclude that the solutions are ground states provided that we 
assume transitive ferromagnetic conditions. 

In this section, we will consider only the problem in iSdlL12bL which 
will allow us to give a more direct proof of the results. We note that in the 
models based on the Frenkel-Kontorova models with next neighbor interac¬ 
tion, the transitive ferromagnetic hypothesis is automatic. 

We consider the following formal energy 



( 25 ) 
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where V : T"' ^ R and cr G R*^ satisfy k ■ a 0 when k e - {0} where 
d>2. 

For simplicity, we denote H{x,y) = ^{x - y)^ - V(xa). Consequently, 

djcyHix,y) = dy^H{x,y) = - 1 ^ _ _ 

Under the assumption of IISdlL12bl iZSdlLlSll . using KAM method, we 
prove the existence of quasi-periodic solutions of the equilibrium equation 

(26) + Un-\ - 2Un + daV{Una) = 0, 
where daV = {a ■ V)V. 

Indeed, the solutions of (l26l) we found are given by a hull function 

Un = nco + h(n(jja) 

for some given m G R. Therefore, the equilibrium equation we solve in 
terms of h is 

(27) h{cr + coo) + h{cr - coa) - 2h{a) + daV{cr + a ■ h{cr)) = 0 

The papers [|SdlL12bi IZSdlLlSI have very different non-resonance as¬ 
sumptions from the assumptions in [|SdlL12bl ISdlL12al and require very 
different methods. Nevertheless, from the point of view of the arguments of 
this paper, to show that the quasi-periodic solutions produced in both papers 
are ground states, we can use the same argument. 

It is easy to see that if h(cr) is a solution (1271) . for any G R, h{(T+/3a) +/3 
is a solution. We denote h^(cr) = h{cr + fia) + yS. 

Hence, let us denote i4t = nco+hij{ncoa) which is a continuum of equilibria 
of (l26l) with respect to the parameter yS G R. It is easy to see that, for every 
fixed n G Z, is monotone with respect to jS, i.e., 

di/ 

(28) —^ = 1-1- dah{na)a + fia) 0. 

dp 

Without loss of generality, we asume iPn is monotone increasing with respect 
to p. 

The following result is a particular case of Theorem [TOl but in this sec¬ 
tion, we will present a different proof. 

Theorem 15. For every yS G R, the configurations ground 

states of (1251) . 

Proof. Suppose by contradiction that there exists Pq such that {u^°}iez is not 
a ground state of (1251) . That is , there exists two integers m < n and a 
configuration {v,},gz satisfying v,- = i/f for any i <moxi> n such that 

(29) ^„:({v,Lz) ^ < E 

i=m i=m 
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Since min^eRZ is a minimizing problem of finite variables and ^„”(v) 
is bounded from below, there exists a minimizing segment of ,5^" 

with the boundary eondition w, = i£° for i = m or i = n + 1. One ean 
suppose, without loss of generality, that there exists m < io < n sueh that 
Sinee is a foliation, there exist jSj > jSq and m < ii < n sueh 

that 


(30) w,-, = , and wt V m < / < n + 1. 

Indeed, one ean ehoose m < (2 < n sueh that and 

We use and adaptation of the standard teehnique of the Hilbert integral in 
ealeulus of variations (see also [|CdlL981 . For every m < i < nwe ealeulate 


0 = dM{Wi,Wi+i) + dyH(wi-i,Wi) + + dyH(i£_y,i/^) 

- 

Jo dt 


— [d^itWi + (1 - t)i/, tWi+i + (1 - Owf+i) 

(31) + dyH{tWi-i + (1 - tWi + (1 - Owf)] dt 

1 

- Mf) + - 4j) 

+ {dy^H){Wi-i - Mf_i) + {dyyH){Wi - 2^)] (It. 

Let i = 22 , /? = ySi in the above ealeulation, we obtain 


-f 


0 = - mJVi + Wi2-i - ^4-1- 

Henee, due to the ehoiee of ( 2 , we have vv/^+i - Mfj+i = 4'-i ~ > 0, 

whieh eontradiets (l30l) . □ 
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